A new super-Bäcklund transformation for the N = 1 supersymmetric sinh-Gordon equation is constructed. Based on this construction we propose a type-II integrable defect for the supersymmetric sinh-Gordon model consistent with this new transformation through the Lagrangian formalism. Explicit expressions for the modified conserved energy, momentum and supercharges are also computed. In addition, we show for the model that the type-II defect can also been regarded as a pair of fused defects of a previously introduced type. The explicit derivation of the associated defect matrices is also presented as a necessary condition for the integrability of the model.
Introduction
Recently there has been great progress in the study of the integrable defects in two-dimensional classical field theories. Defects, as originally introduced in [1, 2] , can be understood as internal boundary conditions linking fields of both sides of it, and described by a local Lagrangian density. It was shown for several models in [1] - [9] that these defect conditions are related to the Bäcklund transformations frozen at the location of the defect, and preserve integrability of the original bulk theory after including some compensating contributions to the conserved quantities. This kind of defect is named type-I if the fields on either side of it only interact with each other at the defect. And it is called type-II if they interact through additional degrees of freedom present only at the defect point [10] . This type-II formulation proved to be suitable not only for describing defect within the a (2) 2 Toda model, which had been excluded from the type-I setting, but it also provided additional types of defect for the sine-Gordon and other Toda models [11] . Interestingly, it was established a relationship between these two type of defects. At least for the sine-Gordon model [10, 12] , and in general for a (1) r affine Toda field theory [13] , the type-II defects can be regarded as fused pairs of type-I defects. However, the type-II defects can be allowed in models that cannot support type-I defects, as it was shown for the Tzitzéica or a (2) 2 Toda model [10] . Rather than that, in the case of a (2) 2 the type-II defect can be interpreted as being result of folding a type-II defect in the a (1) 2 [10, 13] .
The question of deriving the associated infinite set of conserved quantities in the presence of defects has been initially handled by using the Lax approach for a wide class of models [14] - [17] . The integrable defect conditions are encoded within a defect matrix, which allows to compute the modified conserved charges for the total system.
On the other hand, the question of involutivity of the modified conserved charges has been addressed by using intensively the algebraic framework of the classical r-matrix approach [18] - [24] . In this context, the description of the integrable defects requires to introduce a modified transition matrix satisfying an appropriate Poisson algebra.
At first sight, it seemed not to exist a direct way of linking these two different approaches for integrable defects. However, very recently a new approach to the subject has been proposed to provide a link between the two previous points of view by using a multisymplectic formalism [25, 26] . This approach was successfully implemented for the nonlinear Schrödinger (NLS) equation and the sine-Gordon model.
The main purpose of this paper is to propose a supersymmetric extension of the type-II integrable defect for the N = 1 super sinh-Gordon (sshG) model, and to study the integrability of the system through the Lagrangian formalism and Lax approach. The presence of integrable defects in the N = 1 sshG model has been already discussed in [5, 27] . However, the kind of defect introduced in those papers can be regarded as a "partially" type-II defect since only auxiliary fermionic fields appears in the defect Lagrangian, and consequently it reduces to type-I defect for sinh-Gordon model in the bosonic limit, where the fermionic fields vanish.
Our idea in this paper is rather to find a direct supersymmetric extension of the type-II defect of the sine-Gordon model proposed in [10] . The program of finding supersymmetric extensions of integrable type-II defects has started with the N = 1 super-Liouville model [28] . The key point in deriving the defect Lagrangian was based on a generalization of the super-Bäcklund transformation for the equation, by including a new (chiral) superfield Λ(x, θ) in the formulation. Following the same line of reasoning, in section 2 we propose a generalisation of the super-Bäcklund for the N = 1 sshG model by introducing two new superfields in the description, so that the pure bosonic limit reduces to the type-II defect for the sinh-Gordon model. In section 3, we introduce the Lagrangian description for the type-II defect in the sshG model totally consistent with the new super-Bäcklund. We also present the supersymmetry transformation that leave the total action invariant and derive the modified conserved supercharge, energy and momentum. The bosonic and fermionic limit are discussed as well.
The fusing procedure will be discussed in section 4. It will be shown that the type-II defect for the sshG model derived from consistency with the proposed super-Bäcklund can be obtained by fusing two defects of the kind given in [5] for the sshG model. In section 5 we analyse the classical behaviour of one-soliton solutions of sshG equation passing through the type-II defect. Section 6 contained some final remarks and comments on future directions which have emerged from this work.
In the appendix A we present the super-Bäcklund transformation for the sshG model in components. The integrability of the system will be discussed by computing the associated defect matrices which generate the infinite set of the associated modified conserved quantities. The explicit computations will be presented in appendix B.
2 Type-II super-Bäcklund for N = 1 sshG equation
In this section we construct a new super-Bäcklund transformation for the N = 1 supersymmetric sinh-Gordon (sshG) equation. Let us first introduce a bosonic superfield,
where φ an F are bosonic fields, ψ andψ are fermionic fields, and θ i , i = 1, 2, elements of the Grassmann algebra. Then, the N = 1 sshG equation can be written in terms of superfields as follows 2) where the superderivatives are given by
We denote the light-cone coordinates x ± = x ± t, and then
(∂ x ± ∂ t ). Using the form of the superfield (2.1), we can write eq. (2.2) in components, 6) with the auxiliary field given by F = m sinh φ. Now, we propose the following superBäcklund transformation for the sshG equation connecting the two solutions Φ 1 and Φ 2 as follows,
4)
7)
8)
9)
where Φ ± = Φ 1 ± Φ 2 , and we have introduced two fermionic superfields f andf , as well as a new bosonic superfield Λ, which satisfy respectively the following equations,
11)
Here, {ω k } 4 k=1 are four arbitrary constant parameters. By cross-differentiating eqs. (2.9) and (2.10) we find that if Φ 1 satisfies the sshG equation then Φ 2 also satisfies it. Besides introducing a new bosonic superfield Λ in eqs. (2.7)-(2.12), the supersymmetry and the Grassmannian property of the superderivatives D ± require the introduction of not only one fermionic superfield f like previously was proposed in [29] , but two fermionic superfields (f,f ). The additional superfieldf allows the possibility of having independent contributions coming from the terms of the form exp(±Λ/2). In fact, iff = 0 we have that Λ becomes a chiral superfield, and then we recover the super-Bäcklund transformation for the N = 1 super-Liouville equation recently obtained in [28] . The introduction of this new superfield might be better understood in section 4 by discussing the fusing procedure. On the other hand, it can be seen that even if Λ = 0 there is no direct limit between the super-Bäcklund proposed here and the one given in [29] , and then they will be regarded differently. When ψ andψ vanish, eqs. (2.7)-(2.12) will reduce to the type-II Bäcklund transformation for the sinh-Gordon model [10] . For that reason, they will be called type-II super-Bäcklund transformation for the N = 1 sshG equation. Now, the superfields Λ, f , andf can be expanded in components as follows, 
} are eliminated and we find the following simplified set of equations,
19)
20)
21)
22)
25)
26)
We note that eq. (2.16) determines the field λ 1 in terms of ψ + and f 1 and then can still be eliminated from the set of equations. In that case, we get the following system,
29)
30)
31)
33)
34)
35)
36)
These equations describe the type-II super-Bäcklund for N = 1 sshG model in a more compact form and depend upon four arbitrary parameters {ω k } 3 Type-II defect for N = 1 sshG model
Here we introduce a Lagrangian description of type-II defects in the N = 1 sshG model which satisfies frozen super-Bäcklund transformations of the type derived in section 2.
Lagrangian description
The Lagrangian density can be written as follows,
with
and
where φ p are real scalar fields, and ψ p ,ψ p are the components of Majorana spinor fields in the regions x < 0 (p = 1) and x > 0 (p = 2) respectively. Here, we also have introduced the bosonic field λ 0 (t) and the fermionic fields λ 1 (t), f 1 (t), andf 1 (t), which are all associated with the defect itself at x = 0. The bulk potentials are given by, 4) and the corresponding defect potentials are
6)
where {ω k } 2 k=1 are constant, and m is the mass parameter. The bulk fields equations are given by,
The defect conditions at x = 0 can be written as follows:
12)
14)
16)
These defect conditions agree with the type-II super-Bäcklund tranformation (2.16)-(2.27) for the sshG model providing that relations ω 1 ω 3 = m and ω 2 ω 4 = m are satisfied. Note that, by applying the operators ∂ ± to eqs.(3.14) and (3.15) respectively, and using properly the defect conditions, we can verify that the respective x-derivatives of the auxiliary fields f 1 andf 1 are given by,
18)
The same can be done by applying ∂ + to eq.(3.13) in order to recover eq.(2.27) satisfied by the field λ 1 ,
As a common property of the type-II defect conditions derived from the Lagrangian approach we point out that the number of equations specifying them is less than the number of equations describing the type-II super-Bäcklund, which is one of the features that distinguishes it from the type-I defects.
On the other hand, the supersymmetry transformations that leave invariant the action for the type-II defect sshG model as well as the defect conditions (3.10)- (3.17) , are given by
together with,
26) 27) where ε andε are Grassmannian parameters. Note that λ 1 appears in (3.3) as a Lagrange multiplier, and thus it can be eliminated from the defect Lagrangian after using eq. (3.13). After doing that, the defect conditions reduce to the following form,
This form of the type-II defect conditions for the N = 1 sshG model are related to the frozen super-Bäcklund transformations (2.28)-(2.37). The corresponding defect Lagrangian for the above equations can be written as follows
where the defect potentials now can be rewritten conveniently in the following form,
In this setting we note that the bilinear term ψ 1 ψ 2 in (3.35) has switched its sign, and the defect potentials B
do not depend neither on ψ − norψ − . In addition, these potentials still depend upon two parameters, namely ω 1 and ω 2 , and three degrees of freedom at the defect: one bosonic λ 0 (t), and two fermionic f 1 (t) andf 1 (t).
On the other hand, it is worth noting that the defect potentials B (±) k , k = 0, 1, satisfy the following simple conditions,
together with two interesting Poisson-bracket-like (PB) relations,
whenever the defect potentials B (±) k are regarded as functions of λ 0 , f 1 , andf 1 , and their respective conjugate momenta,
It is important to point out that the pure bosonic PB relation (3.41) has been previously derived in [10] , where some examples for type-II defects were given. In particular, its solutions allowed to encompass the Tzitzéica-Bullough-Dodd model within the purely bosonic type-II framework, in spite of the strong constrains that the PB relation imposes not only on the defect potentials B (±) 0 , but also on the bulk potentials V p , p = 1, 2. In turn, the supersymmetric extension (3.42) derived in this section will impose further constrains not only on the bulk potentials V p and W p , but also on the defect potentials B (±) 0 and B (±)
1 . To our knowledge, beside the defect potentials for the N = 1 sshG equation (3.36)-(3.39), the only already known solution for this pair of PB relations has been given in [28] for the N = 1 super-Liouville equation. However, it is natural to believe that exists other possible solutions, and therefore it would be interesting to look for more examples of possible supersymmetric extension of type-II integrable defects.
Modified conserved quantities
In this subsection we derive explicit expressions for the defect contributions to the modified conserved supercharges, momentum and energy.
Defect supercharge
The supersymmetry transformations (3.21)-(3.23) that leave invariant the bulk action for the N = 1 sshG model lead to the associated bulk conserved supercharges Q ε andQε, which are given as integrals of local fermionic densities as follows,
However, when the defect is introduced into the theory we have seen that the variation of the bulk action lead to surfaces terms, and then the variation of the defect Lagrangian has to cancel them out exactly to preserve N = 1 SUSY. To do that, is necessary to use the supersymmetry transformations of the degrees of freedom at the defect given in (3.24)-(3.27). Let us compute the associated defect contribution to the supercharges after introducing the defect at x = 0,
Taking the time-derivative lead us to
Now, by making use of the defect conditions derived in section 2, we find after some algebra that the right-hand-side of eqs. (3.47) and (3.48) becomes a total time-derivative, and then the modified conserved supercharges take the following form,
where the defect contributions are given by
It is important to say that the result does not depend on which set of defect conditions we are working with. In other words, there is no explicit contribution of the field λ 1 to the modified conserved supercharges at the defect. Again, if we takef 1 = 0 we recover results previously obtained for the N = 1 super-Liouville theory in [28] .
Defect Energy-Momentum
It is directly shown from the defect conditions (3.28) -(3.34) that the modified energy given by E = E + E D is conserved, where E is the bulk contribution to the total energy from both sides, and E D is the defect contribution given by,
which corresponds essentially to the defect potential given in eqs.(3.36)-(3.39). Now, let us consider the momentum conservation. The bulk contribution to the total canonical momentum is given by,
By taking its time-derivative and using the bulk field equations (3.9), we get the following expression,
where the asymptotic contributions at x = ±∞ are neglected. Now, using intensively the defect conditions (3.28)-(3.34), the right-hand side of the above equation reduces to a total time-derivative, implying the conservation of the combination P = P + P D , where
Note that the defect energy (3.52) and momentum (3.55) can be rewritten in a more appropriate way, namely
where the defect potential B (±) k for k = 1, 2, are given in eqs. (3.36)-(3.39). The results obtained for the defect contribution of the lowest conserved quantities provide a necessary condition for integrability. However, a sufficient condition involves also higher modified conservation laws which can be computed from the defect matrix. The computation of the defect matrix associated to the type-II defect for the sshG model is presented in appendix B.
Bosonic limit: Type-II dshG model
Now let us consider the case where the fermionic fields completely vanish. In this case, the bulk Lagrangian densities
describe the sinh-Gordon model, and the defect Lagrangian density can be rewritten as follows
Here, the defect potentials are
and the defect conditions can be rewritten in terms of fields (φ + , φ − , λ 0 ) as follows,
It is worth pointing out that the dependence on the parameters (ω 1 , ω 2 ) is slightly different from the choice made originally in [10] , where the defect potentials are described by the pair of parameters (σ, τ ). However, note that the defect potentials (3.60) and (3.61) belong to a family of equivalent two-parametric solutions of the constraint (3.41). This equivalence class can be understand if we perform the following transformation,
Then, if B (±) are particular solutions for the bosonic PB relation (3.41), then the functions ρ (±) have to satisfy the following constraint,
By considering (3.60) and (3.61), the above relation becomes,
The possible solutions for ρ (±) characterize the equivalence class of the defect potentials B
0 . In particular, if we consider the following functions,
with the parametrization,
we obtain exactly the choice for the defect potentials made in [10] . It worth pointing out that this equivalence class is strongly reduced in the supersymmetric case, because of the additional PB relation (3.42). In that case, we also need to perfom a suitable transformation on the defect potentials B
1 . In section 4, it will be seen how the corresponding terms appear naturally by performing a fusing of two kind of defects previously introduced in [5] for the sshG model.
Fermionic limit
A fermionic free field theory is obtained by setting the bosonic fields up to zero directly in the total Lagrangian. Then, for the bulk Lagrangian we get
The bulk fields equations are given by,
The defect Lagrangian takes the following form
where
The corresponding defect conditions at x = 0 take the form,
However, note that the above defect conditions are incompatible with the PB relation (3.42), namely,
It is not difficult to show that the only possible consistent solution is given forf 1 = f 1 . This case reduces to the fermionic free field model previously discussed in [5] . After imposing this constrain, the defect Lagrangian becomes,
with the following defect conditions
Note that the exact equivalence with the results derived in [5] required a change of sign of the field ψ 2 , together with the following reparametrizations,
Fusing defects
In this section we will construct a fused defect for the N = 1 sshG model by considering initially a two defect system of the type-I introduced in [5, 27] at different points, and then fusing them to the same point by taking a limit in the Lagrangian density. Let us consider that one of the defects in placed at x = 0 and the other at x = x 0 . The Lagrangian density for this system is given by,
where L p , with p = 0, 1, 2, are the bulk Lagrange densities given by
and the two type-I defect Lagrangian densities at x = 0 (k = 1), and x = x 0 (k = 2) can be written as
where g k are the auxiliary fermionic fields defined in the respective defect positions. The corresponding defect potentials can be written as
where σ k , with k = 1, 2 are two free parameters associated two each defect. Besides the bulk fields equations, we will have a set of ten defect equations, namely, for x = 0
1 , (4.8)
1 ), (4.10) and for x = x 0 ,
1 ), (4.11)
1 ) (4.12)
1 ). (4.15)
5 Let us recall that equivalence with notation used in [5] requires that m → −m/2, ψ → √ iψ,ψ → √ iψ, and g k → √ ig k . Now, it is claimed that the defects are fused at Lagrangian level after taking the limit x 0 → 0. In that case, we note that there no longer exists bulk Lagrange L 0 for the fields φ 0 , ψ 0 , andψ 0 , which only contribute to the total defect Lagrangian at x = 0 and then becoming auxiliary fields. The resulting Lagrangian for the fused defect takes the following form,
The defects potentials B 0 = B
0 and B 1 = B
1 + B
1 can be written now as follows,
, (4.18)
First of all, by considering the defect potential (4.18) of the fused defect, and performing the following identifications,
we get,
that the bosonic part of the fused defect described in eqs. (4.17)-(4.19) is exactly the type-II defect Lagrangian for the sinh-Gordon model introduced in [12] . In this setting, there are no coupling terms for the bulk fields φ 1 and φ 2 , which can be understood through the fusing procedure. In order to show the equivalence to the original framework for the type-II defects introduced in [10] , the auxiliary field can be redefined as follows,
Then the bosonic part of eq. (4.17) takes the following form, , and by identifying the parameters as follows,
Let us now consider the fermionic part of the fused defect Lagrangian and discuss the possibility of obtaining in any limit the type-II defect proposed in section 3. Note that the fact of neither having bulk Lagrange for the fields ψ 0 andψ 0 in fused Lagrangian L || , and nor time derivatives of them in the defect Lagrangian (4.17) implies that they are essentially Lagrange multipliers, and then may be eliminated from the defect Lagrangian. To do that, we use the equations of motions (4.8), (4.9), (4.13) and (4.14) when x 0 → 0, to get
Now, by noting that 28) we find that the fermionic part of the defect Lagrangian (4.17) takes the following form,
where there are direct coupling terms of the bulk fields ψ 1 and ψ 2 , as well asψ 1 andψ 2 . Now, by using the identifications σ 1 = σe −τ and σ 2 = σe τ , the defect potential B ′ 1 reads,
Now, after performing the shift (4.22) in the field φ 0 , the defect potential B ′ 1 is transformed into the following form,
where we have defined the functions,
32)
satisfying the following relations,
In order to match to the type-II defect potential
given by (3.38) and (3.39), the fermionic fields g 1 and g 2 must be redefined by a linear transformation in terms on new fermionic fields f 1 andf 1 . Taking into account the relations (4.34) and (4.35), we propose a general linear transformation as follows,
As a result the fermionic part (4.29) of the defect Lagrangian becomes,
(4.37) Note also that,
Then, the above results are suggesting the introduction of a new shift in the λ 0 field as follows,
which does not contribute with any additional term to the fermionic part of the defect Lagrangian, but it does for the bosonic part. In fact, by performing the shift (4.39) over eq. (4.23) we get the following additional terms
Finally, the resulting defect Lagrangian density can be written in the following way,
where the defect potentials are now given by,
Then, this is the supersymmetric extension of the type-II defect derived in [12] for the sshG model obtained through fusing of two type-I defects of the kind given in [5] . This defect Lagrangian also contains two arbitrary parameters σ and τ . In addition, it should be pointed out that the type-II defect Lagrangian (3.35)-(3.39) derived from consistency with the type-II super-Bäcklund transformation for sshG model can be recovered in the limit τ = iπ/2, after identifying the parameters
From the above defect Lagrangian we can write the defect conditions at x = 0 as follows,
It is easy to see that defect conditions (3.28)-(3.34) are recovered in the limit τ = iπ/2 using the identifications (4.46). In addition, it can be shown directly that the type-II defect potentials obtained by fusing procedure (4.42)-(4.45) also satisfy the Poisson bracket constraint (3.42), guaranteeing that they belong to the two-parametric family of equivalent solutions, and consequently the modified energy, momentum and supersymmetry of the nonfused type-I defects are preserved after fusing them. The verification of this statement can be achieved by using the same method implemented in section 3.2. Now, it is quite natural to inquire if it is possible to have three-parametric solutions of the PB relation (3.42). For instance, let us assume the following form for the defect potential B
with three parameters ω 1 , ω 2 , and τ . In this case, we can also recovered the bosonic defect potentials (3.60) and (3.61) when τ = iπ/2, but without using any additional identifications of the parameters. Then, it is not difficult to show that this form of the bosonic defect potentials also satisfies the PB relation (3.41) with no additional constraints on the parameters. Then, it represents a three-parametric solution for the type-II defect potential in the sinh-Gordon model. Now, by taking the corresponding form of the fermionic part of the defect potentials to be
it can be seen that in the limit τ = iπ/2 the defect potentials (3.38) and (3.39) are also recovered without using additional identifications on the parameters. However, by considering (3.42) we found that the RHS in the PB relation will get additional terms, namely
Then, in order to satisfy the PB relation (3.42), the proposed three-parametric defect potentials (4.56) and (4.57) have to reduce to a two-parametric solution either with ω
or cosh 2 τ = 0. In the former case, we get the identification (4.46) to recover the form for the defect potentials derived through the fusing procedure. The second case, will correspond to the already mentioned limit τ = iπ/2 which allows us to recover the form of the defect potentials derived from consistency with the super-Bäcklund transformation. In other words, even three-parametric defect potential are possible solutions for the bosonic case, they are not for the supersymmetric case. This fact exemplified the kind of constraints imposed by the PB relations, which are sufficient conditions for the conservation of the modified momentum [5, 10] .
Nevertheless, it remains to derive the corresponding defect matrix associated to the defect conditions obtained by fusing procedure (4.47)-(4.53). As it was done in [27] , the defect matrix allows us to systematically compute defect contributions to an infinite set of modified conserved quantities for the sshG model. The explicit computations are presented in appendix B.
Bäcklund solutions
In this section, we will consider the classical behaviour of one-soliton solutions in the presence of the type-II defect. Firstly, we will consider the possibility of the three-parametric bosonic defect potential proposed in section 4. Then, we will focus on the two-parametric defect potentials for the supersymmetric case.
Bosonic part
Let us consider the three-parametric bosonic defect potentials given by (4.54) and (4.55). Then, the auxiliary field λ 0 can be obtained from the following two defect equations [10] ,
where ω 1 , ω 2 and τ are arbitrary parameters, m the mass parameter, φ 1 and φ 2 are the fields at x < 0 and x > 0, respectively. Then, we get
3)
Now, we consider the one-soliton solution for the sinh-Gordon model written as follows [12] 
where a and b are constants satisfying a 2 − b 2 = 4m 2 , and z = R 2 /R 1 represents the delay suffered by the soliton after passing through the defect. Note that in this setup the defect has a iπ discontinuity as t → −∞. By consistency with eqs. (2.4)-(2.6), it is convenient to choose,
where θ > 0 is the rapidity of the soliton, and the constants ω 1 and ω 2 are parametrized by
In order to determine the delay z and λ 0 we will use (5.3) and (5.4). Then, we get two possibilities for the delay, namely 8) and the other possibility is z 2 = 1/z 1 . This expression for z = z 1 can be rewritten as follows
Then, the auxiliary field λ 0 is given by the following expression,
where,
Another solution for the bosonic part is given by considering the following configurations,
In this case, the defect discontinuity φ − (0, t) = φ 1 (0, t) − φ 2 (0, t) can be either 0 or 2πi as t → −∞. Then, from eqs. (5.4) and (5.3) we get 13) and the auxiliary field λ 0 is given now by,
where ρ is given in (5.11), and
It is important to note that by making η 2 − η 1 = η, and θ → −θ, we recovered the results previously analysed in [10, 12] . Another interesting point arises when considering a vacuum/one-soliton system. Let us consider the possibility when the bosonic field φ 1 , which implies that the rapidity of the soliton to absorption happens is θ = (η 1 − η 2 ± τ ) modulo iπ. In addition, we get the following expression for the field λ 0 ,
In the limit τ = iπ/2, we have that e 2θ = −e 2(η 1 −η 2 ) , and it becomes
N = 1 sshG soliton
Let us first consider the two-parametric type-II defect potentials (4.54)-(4.57) with ω 1 , ω 2 arbitrary parameters and τ = iπ/2. The one-soliton solution for the N = 1 sshG fields on each side of the defect can be written as follows [5] ,
where ǫ is a fermionic parameter, z = R 2 /R 1 represents the delay suffered by the bosonic part of the soliton, as well as ζ = s 2 /s 1 represents the delay suffered by the fermionic part of it. From the bosonic defect conditions,
we get the two possible expressions for the auxiliary field λ 0 ,
24)
Note that for the one-soliton solution we only have one fermionic parameter ǫ, and therefore bilinear fermionic terms immediately vanish. In fact, the fermionic solutions are not involved in the computation of the delay z obtained from (5.24) and (5.25), and then it takes the same form of the bosonic case,
This expression can be rewriten as
Now, by considering z = z 1 we find
It is worth noting that for the another bosonic solution considered in (5.12), the delay z → 1 in the limit τ = iπ/2, which means that the defect do not have any effect on this soliton solution. Therefore, that is not an interesting configuration to analyse in this limit.
On the other hand, we can find expressions for the auxiliary fermionic fields in the same way implemented for the field λ 0 . In this case, using the equations (3.14) and (3.15) we find the following expressions for the auxiliary fermionic fields f 1 andf 1 ,
An interesting result is that the fermionic delay ζ turns to be arbitrary, in the sense that the defect conditions do not provide any constraint that allows us to determine s 2 in terms of s 1 , at least for one-soliton solution. The consistency of the defect conditions for the fermionic fields suggests that somehow the auxiliary fields f 1 andf 1 compensate the delay suffered by the fermion fields passing through the defect. However, as it might been expected from the results obtained in [5] for a fermion/boson system passing through a defect, the fermionic delay ζ would be the same as the bosonic delay z. In particular we would have an additional constraint on the auxiliary fermionic fields. By assuming that the fermionic delay is given by ζ = e η 2 +θ + ie
we find that the two auxiliary fermionic fields f 1 andf 1 are related as,
Although √ ζ has two roots, only the negative root is considered for consistency with the fermionic defect conditions in order to obtain the correct result for the fermionic delay ζ. The other possibility for the two-parametric type-II defect is obtained when ω 
where we have defined σ = e η , and the auxiliary bosonic field λ 0 is given by
with,
Note that for the static solution φ 1 = 0 and φ 2 = iπ, the auxiliary field is given by
Now, the auxiliary fermionic fields are given by the following expressions,
In this case, the bosonic and fermionic fields will be delayed by the same factor (5.34), if the auxiliary fields f 1 andf 1 satisfy the following relation,
where the negative root of √ z has been considered and,
(e 2η+2θ − e 2τ ) (e 2η+2θ+2τ − 1)
(5.42)
We note that when τ = iπ/2 we obtain that the constants A is equal to 2 and C to 1, so we therefore have recovered the result for the particular case given by (5.33).
Final remarks
In this paper, we have derived a type-II integrable defect for the N = 1 supersymmetric sinh-Gordon model by using two different methods, namely, superextension of the Bäck-lund transformation and the fusing procedure. A new super-Bäcklund for the N = 1 sshG equation was given in section 2, described by the three superfields Λ, f 1 andf 1 . The defect conditions consistent with this new transformation were derived in section 3, the supersymmetric invariance was properly shown, as well as the derivation of the modified conserved energy and momentum. Interestingly, this new super-Bäcklund contains as a limit the superBäcklund for the N = 1 super-Liouville equation asf 1 → 0. In addition, the bosonic limit corresponds to the type-II Bäcklund transformation for the sinh-Gordon model [10, 16] . Also, it has been shown that the type-II defect derived for the sshG model can be obtained by fusing two defects of the kind previously derived in [5] .
In view of the results, it would be interesting to consider the possibility of finding supersymmetric extensions of the type-II defects for other models with extended supersymmetry, for instance the N = 2 super-Liouville and sshG equations. Associated integrable defects could be found as a results of the fusing defects of the kind already known [7] . Also, general integrable boundary conditions for the sshG model can be found by using the type-II integrable defect for the sshG following the line of [30] . Some of these questions are expected to be developed in future investigations.
A Type-II super-Bäcklund in components
By using the field expansions introduced in section 2 for the superfield Φ in eq. (2.1), and Λ, f, andf in eqs. (2.13)-(2.15), namely
and substituting into eqs. (2.7)-(2.12), the super-Bäcklund transformation take the following form in components:
14) 
B Defect matrices
Let us consider the Lax pair A (p)
± depending on the respective fields φ p , ψ p , andψ p , written in the following form 6 , First of all, to make the derivation of the defect matrices clearer for the reader we will now present the system of equations (B.4) explicitly in components (see also [27] ).
6 Note that equivalence with notation originally used in [27] would require that m = −2, ψ p = √ iψ p and
Then, by considering the following λ-expansion for K,
where α ij , β ij , and γ ij being the entries of 3 × 3 graded matrices, we get the following: and from the second term in (B.105) we get,
